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Abstract
We investigate the equations of motion in the four-dimensional non-anticommutative N = 2 supersymmetric U(1) gauge field
theory, in the search for BPS configurations. The BPS-like equations, generalizing the Abelian (anti)self-duality conditions, are
proposed. We prove full solvability of our BPS-like equations, as well their consistency with the equations of motion. Certain
restrictions on the allowed scalar field values are also found. Surviving supersymmetry is briefly discussed too.
 2004 Elsevier B.V. Open access under CC BY license.1. Introduction
Supersymmetric field theories in Non-AntiCommu-
tative (NAC) superspace stretch limits of the con-
ventional supersymmetric field theories formulated in
the standard superspace with anticommutative (Grass-
mann) spinor coordinates. Unlike the usual (space-
time) non-commutative field theories, where solving
non-commutative field equations represents a formi-
dable task [1,2], the NAC deformations can be es-
sentially nilpotent so that they may lead to solvable
(though non-trivial) field equations of motion.
✩ Supported in part by the JSPS and the Volkswagen Stiftung.
E-mail addresses: ketov@phys.metro-u.ac.jp (S.V. Ketov),
shin-s@phys.metro-u.ac.jp (S. Sasaki).0370-2693  2004 Elsevier B.V.
doi:10.1016/j.physletb.2004.05.059
Open access under CC BY license.To the best of our knowledge, possible non-commu-
tativity of spacetime (bosonic) coordinates xm,
(1.1)[xm,xn]

= iθmn,
was first proposed (in a published paper) in 1947 [3],
though Heisenberg was known to be privately sug-
gesting this idea in the 30’s. Non-anticommutativity
of the fermionic (Grassmann) superspace coordinates
θα (also known as the quantum superspace),
(1.2){θα, θβ}

= Cαβ,
was first proposed in 1981 [4] (see also Ref. [5] for
more recent developments). The non-commutativity
(1.1) is well known to appear in superstring theory,
in the presence of a constant background of the NS–
NS antisymmetric B-field [6]. Most recent interest to
the NAC supersymmetric field theories is due to their
relevance in describing some superstring effective
actions in certain supergravity backgrounds [7,8].
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merely a chiral part of the fermionic superspace co-
ordinates becomes NAC, whereas bosonic superspace
coordinates still commute (in some basis) [8]. This
is only possible when the antichiral fermionic coor-
dinates (θ¯ ) are not complex conjugates to the chi-
ral ones, θ¯ = (θ)∗, which is the case in Euclidean
or Atiyah–Ward spacetimes with the signature (4,0)
and (2,2), respectively. The Euclidean signature is
relevant to instantons and superstrings [8], whereas
the Atiyah–Ward signature is relevant to the critical
N = 2 string models [9,10] and supersymmetric self-
dual gauge field theories in 2 + 2 dimensions [11]. In
the case of N = 1 supersymmetric gauge field theories
in the nilpotent NAC superspace subject to Eq. (1.2),
( 12 ,
1
2 ) supersymmetry is always broken by C
αβ = 0
to ( 12 ,0) supersymmetry, while the change of the La-
grangian is polynomial in Cαβ [8].
Extended supersymmetry is expected to bring more
constraints to the NAC supersymmetric field theories.
The NAC extension of the N = (1,1) supersymmetric
gauge field theory along the lines of Ref. [8] was con-
structed in Ref. [12], with the deformed action having
merely ( 12 ,0) supersymmetry. There is another prob-
lem with the equations of motion in that theory. Let us
consider the NAC extension of the N = 2 supersym-
metric U(1) gauge theory having the Lagrangian [12]
L = −1
4
FmnFmn − iλ¯σ¯m∂mλ + 12D
2
− i
2
CmnFmnλ¯λ¯ − ∂mA¯∂mA
(1.3)− iψ¯ σ¯m∂mψ + F¯F + iCmnFmnA¯F.
Being compared to the N = 1 case represented by the
first line of Eq. (1.3), the terms in the second line are
needed for N = 2 extension. However, the equation
of motion for F¯ implies F = 0 which, in its turn,
gives rise to decoupling of (A, A¯,ψ, ψ¯). The only
non-trivial deformation is then exactly the same as in
the N = 1 case [8].
When one wants a non-trivial NAC extension of
the N = 2 supersymmetric gauge field theory, one
thus has to consider other deformations. The most
general nilpotent deformation of N = (1,1) = 2 ×
( 12 ,
1
2 ) supersymmetry is given by [13,14]
(1.4)
{
θαi , θ
β
j
}

= δ(αβ)(ij) C(αβ) + 2iP εαβεij (no sum!),where α,β = 1,2 are chiral spinor indices, i, j =
1,2 are the indices of the internal R-symmetry group
SU(2), while Cαβ and P are some constants. Our strat-
egy is to keep N = 2 supersymmetry at the level of
the NAC Lagrangian, and then search for its BPS-type
solutions that are supposed to break some part of su-
persymmetry, as is usual in field and string theories.
As was noticed in Ref. [14], N = 2 supersymmetry
gives us the unique opportunity of a nilpotent NAC
deformation preserving both N = 2 supersymmetry,
R-symmetry and Lorentz invariance, when keeping
only P = 0 while setting Cαβ = 0 in Eq. (1.4). We
believe that the NAC deformation parameter P may
be related to the vacuum expectation value of some
RR-type scalar in the superstring compactification,
though we are not going to pursue the superstring con-
nection in this Letter. Instead, we consider the equa-
tions of motion in the NAC-deformed N = 2 super-
symmetric U(1) gauge theory, and find its BPS-type
equations, in order to demonstrate some advantages
of the P -deformation versus the C-deformation in
the case of extended supersymmetry. The non-Abelian
gauge groups in the present context will be consid-
ered elsewhere [15]. Similar BPS-type equations in the
N = 1/2 supersymmetric gauge theories with a non-
singlet NAC deformation (Cαβ = 0) were derived in
Ref. [16].
Our Letter is organized as follows. Section 2 is a
brief review of the main results of Ref. [14] which
is the pre-requisite to our Letter. This section also
serves as a technical introduction. In Section 3 we
establish the BPS-type equations in our theory and
demonstrate their consistency with the equations of
motion. In Section 4 we discuss a general solution to
our equations and their symmetries. Section 5 is our
conclusion.
2. Lagrangian
For definiteness, we work in flat Euclidean space-
time, though we use the notation and conventions
common to N = 2 superspace with Minkowski space-
time signature (see Ref. [17] for details about our no-
tation).
Our NAC N = 2 superspace with the coordinates
(xm, θ iα, θ¯
•
α
i ) is defined by Eq. (1.4), with Cαβ = 0 and
P = 0, as the only fundamental non-trivial (anti)com-
532 S.V. Ketov, S. Sasaki / Physics Letters B 595 (2004) 530–536mutator amongst the N = 2 superspace coordinates.
This choice preserves the so-called G-analyticity that
is a fundamental feature of N = 2 supersymme-
try [14], while keeping the bosonic spacetime coordi-
nates (in the G-analytic basis) to be commuting.
The unique star product in the NAC N = 2 su-
perspace (1.4), which preserves N = 2 supersymetry,
R-symmetry and ‘Lorentz’ invariance, is given by [14]
(2.1)A B = A exp(iP εαβεij←−Diα−→Djβ)B,
where Diα are the standard N = 2 chiral superco-
variant derivatives. The star product (2.1) allows us
to introduce N = 2 antichiral superfields (defined by
DiαΦ¯ = 0). In the N = 2 superspace antichiral basis,
the N = 2 chiral supercovaraint derivatives are simply
given by Diα = −∂/∂θiα , while the standard Abelian
N = 2 antichiral superfield strength in components (to
be defined this way after expanding in powers of θ¯ )
reads
W¯ (xR, θ¯) = φ¯ + θ¯i •αλ¯i
•
α + 1
8
√
2
(
θ¯i σ˜
mnθ¯ i
)
F−mn
+ 1
2
√
2
θ¯ijD
ij + (θ¯3)i•
α
(
σ˜m
)•α α
∂mλiα
(2.2)− (θ¯ )4φ.
The scalars φ¯ and φ, as well as the chiral spinors
λ¯i•
α
and λiα , are the independent fields in Euclid-
ean or Atiyah–Ward spacetimes, i.e., they are not re-
lated by complex conjugation, contrary to Minkowski
spacetime. The self-dual and antiself-dual parts of the
Maxwell field strength, F+mn and F−mn, respectively,
are defined by F± = 12 (F ± ∗F), where ∗F is the
dual field strength, ∗Fmn = 12εmnpqFpq . The space-
time derivatives in Eq. (2.2) at the (θ¯3) and (θ¯ )4 terms
are needed to provide canonical dimensions to the
component fields λ and φ, while they are also con-
sistent with the Bianchi identities on Fmn and N = 2
supersymmetry. The SU(2) triplet Dij are the auxil-
iary fields.
The free action of the N = 2 supersymmetric U(1)
gauge theory in the standard (undeformed) N = 2
superspace is given by [18]:
(2.3)Sfree = 12
∫
d4xR d
4θ¯ W¯ 2.
The most general deformation of the action (2.3), com-
patible with N = 2 supersymmetry, R-symmetry and‘Lorentz invariance’, and having no higher derivatives,
is parameterized by an arbitrary real function f (W¯),
(2.4)Sf = 12
∫
d4xR d
4θ¯ f (W¯) ≡
∫
d4x Lf .
It is straightforward to calculate the component
Lagrangian associated with the action (2.4). The result
in our notation is given by
Lf = −12f
′(φ¯)φ − 1
4
f ′′(φ¯)(F−mn)2
− 1
2
f ′′(φ¯)λ¯i σ˜mi∂mλi + 18f
′′(φ¯)DijDij
− 1
4
√
2
f ′′′(φ¯)λ¯i •αλ¯j •β
[
1
4
εij
(
σ˜mn
)•α •β
F−mn
(2.5)+ ε•α
•
βDij
]
+ 1
2
f ′′′′(φ¯)(λ¯)4,
where the primes denote differentiations with respect
to φ¯.
Since the NAC P -deformation does not break
N = 2 supersymmetry, R-symmetry and ‘Lorentz
invariance’ either, the resulting non-linear action in
the standard N = 2 superspace must belong to the
family (2.4). An actual calculation of the effective
function f requires the explicit use of the N = 2
gauge superfield pre-potentials in the non-Abelian
setup, which is only possible in N = 2 harmonic
superspace. This calculation was done in Ref. [14]
with the following result:
f (W¯) = W¯
2
(1 + PW¯ )2 , or, effectively,
(2.6)W¯nac = W¯
(1 + PW¯ ) .
This is to be compared to the exact solution to the
Seiberg–Witten map [6] in the Abelian (but spacetime
non-commutative) case [19]:
(2.7)(Fnc)mn = Fmn1 + F · θ , where F · θ = θ
mnFmn.
Both effective functions in Eqs. (2.6) and (2.7) are
apparently the same, though Eq. (2.6) is Lorentz-
invariant and N = 2 supersymmetric whereas Eq. (2.7)
is not.
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It is straightforward to calculate the Euler–Lagran-
ge equations of motion from the Lagrangian (2.5). The
variations with respect to φ and λi give rise to the
equations, respectively,
(3.1)(f ′(φ¯))= 0 and iσm∂m(f ′′(φ¯)λ¯i)= 0.
The variation with respect to the Abelian gauge field
An yields
(3.2)∂m
[
f ′′(φ¯)F−mn +
1
8
√
2
f ′′′(φ¯)
(
λ¯i σ˜mnλ¯i
)]= 0.
The variation with respect to Dij gives rise to the
algebraic constraint
(3.3)f ′′(φ¯)Dij − 1√
2
f ′′′(φ¯)
(
λ¯i λ¯j
)= 0.
The variation with respect to λ¯i •α yields the fermionic
equation of motion
f ′′(φ¯)
(
iσ˜m∂mλ
i
)
•
α
+ 1√
2
f ′′′(φ¯)λ¯•α jDij
(3.4)− f ′′′′(φ¯)(λ¯3)i•
α
= 0,
while the variation with respect to φ¯ leads to the
bosonic equation of motion
φ = − f
′′′(φ¯)
2f ′′(φ¯)
[
(F−mn)2 + 2i
(
λ¯iσ
m∂mλ
i
)− 1
2
DijDij
+ f
′′′′(φ¯)√
2f ′′′(φ¯)
{
1
4
(
λ¯i σ˜ mnλ¯i
)
F−mn + (λ¯i λ¯j )Dij
}
(3.5)− 2f
′′′′′(φ¯)
f ′′′(φ¯)
(λ¯)4
]
.
Eqs. (3.1) amount to the free Klein–Gordon and
Dirac equations of motion,
(3.6)φ¯new = 0 and iσm∂mλ¯inew = 0,
after the field redefinitions
(3.7)f ′(φ¯) = φ¯new and f ′′(φ¯)λ¯
•
α i = λ¯•α inew.
Eqs. (3.3) clearly determine the auxiliary fields as
follows:
(3.8)Dij = − f
′′′(φ¯)√
2f ′′(φ¯)
(
λ¯i λ¯j
)
.The equations of motion (3.2), (3.4) and (3.5) are non-
trivial, whose interaction terms are entirely fixed by
the NAC deformation P = 0. It is worth mentioning
that the new NAC-generated contributions (i.e., those
vanishing at P = 0) correspond to the terms above that
contain the third or higher derivatives of f .
The Euler–Lagrange equations of motion above
have the second-order derivatives for bosons and the
first-order derivatives for fermions. The BPS equations
should be of the first order in the bosonic fields,
they are supposed to be some deformed version of
the Abelian self-duality or antiself-duality equations,
they should also be derivable by minimizing the
Euclidean action, while they are to be consistent with
the Euler–Lagrange equations of motion too. Since the
NAC deformation is essentially chiral, the self-dual
and antiself-dual cases differ, so that they are to be
considered separately.
NAC self-duality equations The Lagrangian (2.5)
does not depend upon F+mn at all, so that the unde-
formed self-duality condition is the only possibility,
(3.9)F+mn = 0.
A consistency between Eqs.(3.2) and (3.9) is only
possible when φ¯ = const because the required con-
dition ∂m(λ¯i σ˜mnλ¯i ) = 0 then appears to be the con-
sequence of the free Dirac equation of motion in
Eq. (3.1). The spinor field λ¯i •α represents the unde-
formed antichiral fermionic zero modes in this case.
NAC antiself-duality equations Arranging the per-
fect square involving F−mn in the Lagrangian (2.5) and
minimizing the action give rise to the P -deformed
antiself-duality equation
(3.10)f ′′(φ¯)F−mn +
1
8
√
2
f ′′′(φ¯)
(
λ¯i σ˜mnλ¯i
)= 0.
This is obviously consistent with the equation of mo-
tion (3.2). Substituting Eqs. (3.3) and (3.10) back into
the Lagrangian (2.5) eliminates the terms quadratic in
λ¯, so that the remaining fermionic interaction terms
become quartic in λ¯,
Lfermi-int. = F(φ¯)(λ¯)4, where
(3.11)F(φ¯) = −3f
′′′(φ¯)2
2f ′′(φ¯)
+ 1
2
f ′′′′(φ¯).
534 S.V. Ketov, S. Sasaki / Physics Letters B 595 (2004) 530–536Fig. 1. Graphs of the functions F in Eq. (3.14) and the function J in Eq. (3.15).Similarly, the rest of Eqs. (3.4) and (3.5) is now given
by
(3.12)iσ˜m∂mλi − 2F(φ¯)
f ′′(φ¯)
(λ¯3)i = 0
and
φ = J (φ¯)(λ¯)4, with
(3.13)J (φ¯) = 4f
′′′(φ¯)
f ′′(φ¯)2
F(φ¯) − 2
f ′′′(φ¯)
∂F (φ¯)
∂φ¯
.
After taking into account Eq. (2.6) we find
(3.14)F(φ¯) = 12P
2(5P 2φ¯2 − 10P φ¯ + 6)
(1 + P φ¯)6(−1 + 2P φ¯)
and
(3.15)
J (φ¯) = 24P
3(5P 3φ¯3 − 15P 2φ¯2 + 24P φ¯ − 19)
(1 + P φ¯)3(−1 + 2P φ¯)3 .
The function (3.14) becomes singular at P φ¯ = −1
and P φ¯ = + 12 , where our effective description of NAC
breaks down.1 Hence, we get limits of the allowed real
(physical) values of the field φ¯,
(3.16)−1 < Pφ¯ < 1
2
.
The quadratic polynomial 5P 2φ¯2 − 10P φ¯ + 6 in
the numerator of the function F in Eq. (3.14) is always
positive for all real values of φ¯, so that the fermionic
equation (3.12) cannot become a free Dirac equation
1 We assume, for definiteness, that P  0.unless P = 0 or P → ∞. The graphs of the functions
F(φ¯) and J (φ¯) are given in Fig. 1.
In the anticommutative limit, P → +0, the obstruc-
tions (3.16) disappear, as they should.
4. Solutions and symmetries
The remarkable fact about our BPS-like equations
(Section 3) is their solvability. A general solution to
the field equations can be written down explicitly,
despite of their apparently non-linear form. This seems
to be the very special feature of our Abelian NAC
theory that does not seem to have an analogue in
Minkowski spacetime.
Let us begin with Eqs. (3.1). They can be brought
to the form (3.6) after the algebraic field redefin-
ition (3.7). The most general solutions to the free
Klein–Gordon and Dirac equations (3.6) are well
known, either in Euclidean or Atiyah–Ward space-
time. Inverting the algebraic relations (3.7) we can
get both functions φ¯ and λ¯ in terms of the general
solution to Eq. (3.6). Further, Eq. (3.10) actually de-
livers us a solution to F−mn in terms of the already
known functions φ¯ and λ¯. Now the remaining equa-
tions (3.12) and (3.13) take the form of the Dirac
and Klein–Gordon equations on λ and φ, respectively,
with the known sources. Hence, they can also be
easily solved explicitly, by using the standard Green
functions of the free Klein–Gordon and Dirac opera-
tors.
The N = 2 supersymmetry transformations of all
the field components in the N = 2 superfield (2.5)
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(see, e.g., Ref. [17]). We find
δφ¯ = −ε¯•α j λ¯
•
α j ,
δλ¯•α i =
1
4
√
2
(
σ˜mn
)
•
α
•
β
ε¯
•
β
i F
−
mn +
1√
2
ε¯
j•
α
Dij
(4.1)− 2iεαi
(
σm
)
α
•
α
∂mφ¯,
and similarly (by formal ‘complex conjugation’) for φ
and λ, as well as
δF−mn =
−i√
2
{(
εjσ[m∂n]λ¯j
)− (ε¯j σ˜[m∂n]λj )
(4.2)
− 1
2
εmnpq
[(
εjσp∂qλ¯
j
)− (ε¯j σ˜p∂qλj )]},
where we have introduced the infinitesimal anticom-
muting (Grassmann) spinor parameters (εiα, ε¯i
•
α) of
rigid N = 2 supersymmetry.
It is easy to see that the self-duality condition
(3.9) implies λiα = 0 by supersymmetry, as well as
φ¯ = const, as it should have been expected from
supersymmetry. Hence, some supersymmetry may be
preserved in this case.
As regards the antiself-dual case, requiring a half
of the N = 2 supersymmetry transformations in
Eq. (3.10) to vanish leads to one of following fermi-
onic equations:
(4.3a)(σ˜[m∂n]λi)− = if
′′′(φ¯)
8f ′′(φ¯)
λ¯ij (σ˜mnλ¯j ),
or
(4.3b)(σ[m∂n]λ¯i )− = −2f
′′′(φ¯)
f ′′(φ¯)
(σ[m∂n]φ¯)−λ¯i ,
where we have used the fact that the rigid N = 2 su-
persymmetry parameters εiα and ε¯i
•
α are independent,
as well as the notation
(4.4)X−mn = Xmn −
1
2
εmnpqXpq
to denote the antiself-dual part of an antisymmetric
tensor Xmn. The fermionic BPS-like conditions (4.3)
are complementary to the bosonic BPS-like equation
(3.10), as long as some part of supersymmetry is
preserved.
The simplest solution to Eq. (4.3b) is given by
λ¯
j• = 0. This is consistent with the equations of mo-
αtion, it implies φ¯ = const and F−mn = 0, while it pre-
serves half of supersymmetry. Unfortunately, this so-
lution does not lead to a non-trivial deformation of the
Abelian antiself-duality equation [11]. It remains to be
seen whether there are other non-trivial solutions to
Eq. (4.3) that would be consistent with the equations
of motion and, hence, preserve some part of supersym-
metry by construction.
5. Conclusion
Our considerations in this Letter were entirely clas-
sical. It would be interesting to investigate the role
of quantum corrections both in quantum field the-
ory and in string theory (e.g., by using the geomet-
rical engineering). In particular, the standard Seiberg–
Witten solutions [20] in the Coulomb branch of quan-
tum N = 2 super-Yang–Mills theories formally belong
to the class (2.4) considered in this Letter, so that it is
conceivable to conjecture that quantum corrections to
the NAC solution (2.6) may be linked to the Seiberg–
Witten theory.
Upon dimensional reduction to two spacetime di-
mensions, the field theory (2.5) with any function f
gives rise to the two-dimensional N = 4 supersym-
metric non-linear sigma-model with a non-trivial tor-
sion (or a generalized Wess–Zumino term), whose
geometry and renormalization were investigated in
Ref. [21]. In particular, as was shown in Ref. [21],
all those two-dimensional supersymmetruic non-linear
sigma-models are always ultra-violet finite, as the
quantum field theories, in all loops.
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